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The p r o c e s s e s  o c c u r r i n g  in the p l a s m a  boundary  l a y e r  at e l e c t r o d e s  a r e  d e s c r i b e d  by a 
comp l i ca t e d  s y s t e m  of d i f ferent ia l  equat ions  with bounda ry  condit ions spec i f ied  on two 
bounda r i e s .  Even when a c o m p u t e r  is used,  solut ion of a boundary-va lue  p r o b l e m  of this 
type p r e s e n t s  s e r ious  diff icul t ies .  Bes ides ,  a method is des i r ab le  whe reby  f a i r ly  fast  
e s t i m a t e s  can be obtained and the inf luence of d i f ferent  g r o s s  f a c to r s  ana lyzed ,  F r o m  
this point of view, the deve lopment  of app rox ima te  methods  is of g rea t  value for  t heo ry  
of the p l a s m a  boundary  layer .  

The method of in tegral  r e l a t ions  [1] is used  in the p r e s e n t  pape r  fo r  so lv ing  the p r o b l e m  on the 
b o u n d a r y  l a y e r  of a fully ionized t w o - t e m p e r a t u r e  p l a s m a  at e l e c t r o d e s  of a channel  with c r o s s e d  E and 
B f ields .  In its e s sen t i a l  approach ,  the method fol lows the s a m e  l ines  as  the a u t h o r ' s  e a r l i e r  pape r  [2]. 

of mot ion,  

The P r o b l e m .  To so lve  the s y s t e m  of equat ions ,  of cont inui ty,  

(nu) + ~-V (no) = 0 

mn (u Ou Ou \ Op o / Ou 

of the ion ene rgy ,  

( T e - - T O  

and of the e l ec t ron  energy ,  

[OTe~ 0.~ (~ OT~ 5 /v q kT~) U OPe OPe ( OT e 
~nc v u + v = § + ~- v 

/ Ou~2 3krn e n T 

unde r  the b o u n d a r y  condit ions 

u (x, 0) ~-~ v (x, 0) : 0, T i (x, 0) = T~, T~ (x, 0) : T~. 

(1) 

(2) 

(3) 

(4) 
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u (x, oo) _-- us  (x), T, (x, ~o) = T~, (x), T~ (z, ~ )  ---- r~, (x) 
l ,  (x, ~)  = l ~  (x), E= (z, oo) =.E~s (x), l~ (x, ~)  = 0 

It was  shown in [3] that  the funct ions p, f y ,  and E x a r e  constant  ove r  the b o u n d a r y - l a y e r  c r o s s - s e c -  
tion. * 

The c u r r e n t  dens i t i es  a r e  given by 

]x = ~ Ex A1 \ y uB  Jr- e--~" Oy ] e A1 Oy ) (5) 

1 0 P e  A2 k A80Te . I  
]~ -= ~ E u - -  u B  + Zn Oy + !A-[~ Fe= + e A1 Oy J (6) 

]yq = Z (A1 \ y - -  uB ~- e~ ~- ~ E= �9 (7) 

The t r a n s p o r t  p r o p e r t i e s  ~?i, ~e, ;ki, Xe, e of the p l a s m a  a c r o s s  the magnet ic  field,  and the coe f f i -  
c ients  A k, a r e  known funct ions of Ti,  Te,  n, and the Hall p a r a m e t e r s  H i and H e [3]. 

The  p rof i l e  of the p l a s m a  mean  ve loc i ty  p e r  unit m a s s  may  be wr i t t en  as  the polynomia l  

,g 5y 

( 'S S ) ~ = T  n ~  6 =  n ~  u ~  nO =-~-s " n  
o o 

(8) 

H e r e  6y = 6y(X) is the th ickness  of the dynamic  bounda ry  layer .  

The condi t ion on the inner  b o u n d a r y  of the l a y e r  is obtained f r o m  the equat ion of mot ion (2), which, 

when y = 0, g ives  

o~ + ~y  ~h ~y  ~ -}- ]v B = O . (9) 

On apply ing  the equat ion of mot ion c lose  to the ou te r  boundary  of the l aye r ,  we get 

- dds dp F l y  B ,  (10) mnsUs" -~x d~ 

Consequent ly ,  

Ih ;= - -  m n s U s U ~ ' .  (11) 

Using  the t r a n s f o r m a t i o n  of (8) f r o m  the v a r i a b l e  y to ~, and a s s u m i n g  fo r  s imp l i c i t y  that  the p roduc t  

~?iP is cons tan t  a c r o s s  the bounda ry  l a y e r  

~l~P = K i  (p ~ ran) 
TlisP s 

we obtain 

o~u ~ ( 8"mns~U,'~ (12) 
0~. . . . .  ~ ~ =  ~ )  " 

*The t e r m  -jyUB should a p p e a r  on the r igh t  s ide of Eq. (23) of [3]. T h e r e  is a m i s p r i n t  in e x p r e s s i o n s  (8) 
of [3] f o r  ~rxx e, lrxye , ~ryy e.  The  n u m e r i c a l  f a c t o r  of the th i rd  t e r m s  on the r ight  s ide is equal to  10/[3 (2 + 
~f2)]. 
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A s s u m e  tha t  

u ~  0~ = 0 , ~ - = 0  

on the o u t e r  b o u n d a r y  ~ = 1 of the  l a y e r .  

From (12) and (13), 

Fig .  i 

t2+)~ 
a~ = 6 ' a~ = 6 - -  3a~, a~ = - -  8 + 3al, a,~ = 3 - -  a 1 . 

Le t  the  ion b r a k i n g  t e m p e r a t u r e  and b r a k i n g  t e m p e r a t u r e  g r a d i e n t  be de f ined  by  

(13) 

us uAg 
T i * = T i + ~ c v u  Tis* = Tis + 2-%v t~* = r i * - -  Tuo , ti~* = ri~* - -  Ti~ . 

The p r o f i l e  of the  b r a k i n g  t e m p e r a t u r e  g r a d i e n t s  wil l  be  w r i t t e n  a s  the  p o l y n o m i a l  

t ,  *~ = bl:~ + b~[j ~ + b s ~  3 
zSy 

= W n ~ dy ,  A =  n ~ dy ,  ti * ~  , 
is I 

0 0 

(14) 

H e r e  Ay = Ay(x) is  the  t h i c k n e s s  of the  t h e r m a l  b o u n d a r y  l a y e r .  The  condi t ion  on the i n n e r  b o u n d a r y  
of the  l a y e r ,  r e q u i r e d  fo r  f inding  the c o e f f i c i e n t s  of the  p o l y n o m i a l  t i  *~ m a y  be d e r i v e d  f r o m  (3), which  
g ives ,  with y = 0, 

I ~ O T  i \ ]  I Ou' ~ "2 m e n w 

Denot ing  the ion P r a n d t l  n u m b e r  by  

P i  - -  ~]icp - -  cons~  

and u s i n g  (8), we get  

W r i t t e n  in the  d i m e n s i o n l e s s  f o r m ,  the p a r a m e t e r  ~i d e t e r m i n i n g  the shape  of the ion b r a k i n g  t e m -  
p e r a t u r e  g r a d i e n t  p r o f i l e  is 

% i = p i T w A ~ 2 1 5  M2 [ [ ~ i w  T ~ K ~ \  ~Us ~ Ts~ 2 3 m e B~ ns ~ L T o ~ r s ]  

?]is w j 

(6 ~  A ~  ~i~ ~  n, ~  , Us ~  
R i - -  Usomnso  L 

~izo 

ti~ *~ Tew ~  o/Tso , T~w ~ 1 6 3  M = U  [XkT ~-~/~ ~0\-s so) . 

A s s u m e  tha t ,  on the  o u t e r  b o u n d a r y  of the t h e r m a l  l a y e r  (~ = 1), 

Otl*~ 
t t  *~ = t ,  04 : 0 ,  

The fo l lowing  v a l u e s  a r e  then ob ta ined  fo r  the  c o e f f i c i e n t s :  

bl i = 1/4 (6  + Xd ,  b~i = 1/4 (X~ - -  2 ) .  (15), 
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The e l e c t r o n  t e m p e r a t u r e  g rad ien t  prof i le  will  be wr i t ten  as  

~2 

/ 

,Z "o 

g05 ~.t 0./5 

te Te - -  Tew 
v = ~ : ~ + ~ r  ( t : = ~ o - ~ e , _ T o o )  . 

The condit ion on the wall is obtained f r o m  (4) 

0 (~ OTe'~] 0 5 /v q ' l O u \  ,i 

+ b~E.~ -- 3k-~ "--~ (T~ -- T~) = 0. 

To t r a n s f o r m  this condit ion,  u se  is made  of the e x p r e s s i o n  

Fig.  2 
]x =~(~_ + A ~ \  , A2 . k / A~A3 'A4 OTe 

f o r  Jx obtained f r o m  (5) and (6), while it is a s s u m e d  that 

P e - -  ~ecv =const~ 
Xe 

~e p 
% . p - =  K e  �9 

It is a s s u m e d  that  the condi t ions  

0re ~ 
t t ~  Y, O~ = 0 "  

(16) 

mus t  be sa t i s f i ed  on the ou te r  bounda ry  of the t h e r m a l  l aye r .  

We obtain 

b O 3 + 0.5X~ --3a--Xe b e 2a + 0.5Xs-- 1 (17) 
= 2 - - a  " b~Z 2 - - a  u a = 2 - - a  

In the d i m e n s i o n l e s s  fo rm,  the p a r a m e t e r s  Xe and a, de t e rmin ing  the shape of the e l ec t ron  t e m p e r a -  
t u re  g rad ien t  prof i le ,  a r e  

Xe = Pe Tw A~ 1 flew (Ts h2 
Ts ~l~~ Q {(x- -  t) M 2 Y~ ~ 2 - -  ~ -  ~-~ \ ~ j j  - ~ - -  al 

[ ( A ~ ( j ) _ _ 2 A , w ( I ) +  1 q) 

Tew hitls "~ Ts] ~--i :m e':T s o L' ,~ o } 
+ T ~  --~-~-~ --3 ~ m T w n. ~ t ~  -- T~ ~ . 

The p a r a m e t e r s  K i and K e a r e  a p p r o x i m a t e l y  propor t ional  to  ( T i / T i s )  3/2, (Te /Tes )3 /2  so that the p resen t  
app rox ima te  method can have r e a s o n a b l e  a c c u r a c y  when T e and T i only v a r y  s l ight ly  a c r o s s  the boundary  
l aye r .  

When reduc ing  the p a r a m e t e r s  • and a to the d i m e n s i o n l e s s  f o r m ,  the t r a n s v e r s e  c u r r e n t  jy is a s -  
sumed  to  be u n i f o r m l y  d i s t r ibu ted ,  while no axial  c u r r e n t  is a l lowed outside the bounda ry  l aye r ;  hence the 
s c a l e s  of the c u r r e n t  Jys and the e l e c t r i c  f i e l d - s t r e n g t h  Exs a r e  connec ted  by  the r e l a t ionsh ip  

1 + A~s~/Als 2 
]vs = ~ooExs,  ~oo --: ~8 As s / A 1  s ' 

H e r e  

M j_= i v r =- eE=L Re = -  
en.o V ' ~  ' kT~o ' 

UsoLmnso 

'qeso 
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g 
I r;,~" 

Fig. 2 

__ 6w te~ o ~]es 
%0 _ *o~ ' t ,~  ~ = T-- T , "qe, - -  ~ o  

and accoun t  is taken of the fac t  that  

The quant i ty  j y q / j y  appea r ing  in Ze is given by 

]yqo= /u q A:w ( ~1 A~w Aaw otes ~ e Ts i~_) Asw 
s~ - A ~  A~---~ %0 _ A~---: ~ T -  ~ ~ + A~'--~ %~ 

Having obtained the ion and e l ec t ron  t e m p e r a t u r e  grad ien t  p ro f i l e s ,  we can wr i te  the prof i le  of the 
p l a s m a  b r ak ing  t e m p e r a t u r e  g rad ien ts  in the boundary  l a y e r  in the f o r m  

t *o = bl ~ + b.2~ + b~3 (18) 

whe re  

t *  
t *~ - -  t * = T * - - T w ,  t~*----T~*--Tw, 

UA2 ~ 2  
T * =  T-I-~T-~, T~*= T~+ ~c ~ 

e tes . h itis* tes b i t/s* bs ba e tes " tis" b1=~,l ~ ,  -i-<'l ~ ,  b~=b~ ~ - +  2 = t~" ~* ~ ' 7-;- + b~ ~ - - ,  

(19) 

On in teg ra t ing  the equa t ion  of mot ion a c r o s s  the l a y e r  and r eca l l i ng  (10), we can r educe  it to  the 
o r d i n a r y  equat ion 

2cpT s 2cpT s t~ �9 
(20) 

Here  

oo oo 

o o 

oo or 

0 0 
o o  . oa 

A* = I  p~ t * ~ 1 7 6  
o 0 

l i w  = ~]iw w = ~ i uJa l  6 Tv~ * 

Adding Eqs.  (3) and (4), we find the e n e r g y  equat ion for  the p l a sma  as a whole to be 

pCp(U OT OT ~ ~ OTi~l 0 ~, . 5 /~q !Op (Ou~2 

We add this equation to Eq, (2), as multiplied by u, to get 

I aT" aT*, a )~ aTi~ a { ate 5 i~q k T , )  + a 

In teg ra t ing  (22) a c r o s s  the l a y e r  under  the a s s u m p t i o n  that  T w = const ,  we can r e d u c e  it to the  f o r m  
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~ . . A_ )~*w k ~t * Ts 0 (p~U~t~*~0~) ' = 2p~U,t~* p~U~t~*' (6 - -  6*) 0 S ~ ~ ~ Tw A 

b Ts 0 5 ~ " q T  --  i - - -OI ' (]~E~+],Eu)dy } ( ]ys es jvvfTe~) 0 -- ~- -~, bietes Tv~ A 2 ec v c v 
0 

(23) 

w h e r e  

O 3  O 0  

0 = I P~176 - - t * ~  = A I  u ~ 1 7 6  
0 u 

i s  t he  t h i c k n e s s  of the  e n e r g y  l o s s .  

T h e  m e a n  J o u l e  d i s s i p a t i o n  o v e r  the  l a y e r  wi l l  b e  found  f r o m  (5) a n d  (6) in  c o n j u n c t i o n  w i t h  Eq.  (18) 
f o r  t he  t e m p e r a t u r e  p r o f i l e ,  u n d e r  the  s i m p l i f y i n g  a s s u m p t i o n s  t h a t  

a ~  a~, H ~  H ~ ,  T ~  T ~ ,  u / U s = ~ .  

A f t e r  r e d u c t i o n  to  the  d i m e n s i o n l e s s  f o r m ,  (23) then  b e c o m e s  

(p~ U~ ~ t~ *~ 0~ ' -~  20h  p~~176 t, *~ (24) 

w h e r e  

t ~'iJ ~iw blitia.o 
~(9~ = t,*~176176176 ~ 6 *~ Ripi ~iso Lis 

M ] t ~es ~e~s: A e§ oh Ts 0 ; qo T o ~ 0  o 

3 

X Alw - - ' ~  ] -~ Aim 
- o o , ,  _ ,:,.o, r , , . o , , , . ,  (+)] 

K E - ' ~ - ~ ' ~ , T - t - 5 ~  M '  T.,,---z-[-Y - 8 ~. 
U O2 T w M ~ T. 

H e r e  

) T w uA t Ti8 Ts 2- ~-I M2Uso2 uA'2 U/,, ~  = 
ts*~ --~ Ts0 - -  2 Us Tso " W tis*~ Tso 

i- u 2 i M2UO~ ~--~,] __ T----o- = BUso 

u,~~ = a i -~  + a~ -~ + a3 -~ + aa = , . 

U s i n g  p r o f i l e s  (8) a n d  (18) t o  e v a l u a t e  t h e  i n t e g r a l  t h i c k n e s s e s  of the  b o u n d a r y  l a y e r ,  i t  i s  found  t ha t  

20 ' i 260 
A* = A ( i  - -  1/~b 1 --  i/ab~ --,1/aba) 

0 A { a l +  ( +  t i i = - -  T bl -= T b2 - -  "E b3) ( 2 5 )  

+ a~ \[h-~8 ] \,(13 --' -4t bi _ i/5b ~ --.X/eba) + aa (A/6) a (i/a - -  I/sb, - -  i/,b~ - -  1/Tba)"-t - aa (A/8) a (i/~i - -  ~/abl - -  ~/~b2 - -  ~/sba)} 

F o l l o w i n g  [2], t h e  i n t e g r a l  r e l a t i o n  (20) f o r  the  m o m e n t s  m a y  b e  r e d u c e d  to  a q u a d r a t u r e  w h i c h  i s  

c o n v e n i e n t  f o r  p r a c t i c a l  c o m p u t a t i o n s .  We w r i t e  (20) in  t h e  f o r m  
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= 2ax %~ l T,~ ~ _ , ,{}o~ [2 (H + 2) __ ct] 
~]is0 Ps~176 Tw 6 U~ ~ 

where  c 1 is a cons tan t ,  to be  def ined below. Put  

c = c 1 + 2 [  Tw - - t ) A *  T-~( 5.~._~) \ T -'-6- ~ const, k = (x --  t) M 2 H + '1 -- ~o~ ~ Gonst 

(26) 

and denote  

= 2a, --g - -  ;~ 7- 8- K~ ~ [2 (H + 2) - -  c11. (27) 

Mul t ip ly ing  (26) by U ~ we can wr i t e  it in the l i n e a r  f o r m  

p o! 

The so lu t ion  is 

-kUs~ xa kUsO~ 

~~176 ~=e ~ p o(_2) consb+ ~ ~s P~ 'l~we ~ q)dx ~ . 

x o  ~ 

(28) 

Succes s ive  a p p r o x i m a t i o n s  have to be u s e d  to obta in  v~ 0 f r o m  (28). Rapid c o n v e r g e n c e  is e n s u r e d  if c 1 
is chosen in such  a way that  the funct ion  @ v a r i e s  weakly  with X. 

A c c o r d i n g  to (27), @ is a n e a r l y  l i n e a r  funct ion  of ~; on de ma nd i ng  that the coef f ic ien t  of k van i sh ,  
the fol lowing r e l a t i o n s h i p  is ob ta ined  for  c l :  

cl = 2 (H q- 2)4=0 
l ~]/w l 

3(~/6)4= 0 q~s Ki 

When ~ ..~ cons t ,  the b a s i c  equat ion  (28) a moun t s  to a s i m p l e  qua d r a t u r e .  

Since OA is not cons tan t ,  the so lu t ion  of the i n t eg ra l  r e l a t i o n  (24) is  be s t  w r i t t e n  in the f o r m  

(p.~176176176 o = 2 (q)~).~ I P"~176176176 
0 

X~o Xk+l~ 

+ 2 (ff)~)~e I P'~176176176 + " "  + 2((P~,)~o f P~~176176176 + . . . .  
xl o 0ok~ 

(29) 

It is assumed that r is fixed in each subinterval of the boundary layer, from X~ to X~ its value 
is found on the assumption that the relevant quantities take the values that they have at the start of the sub- 

interval. 

The computation starts with finding the quantities at the channel input, i.e., at the start of the first 

subinterval. If U~ x 0 here (there is no critical point), and if no auxiliary information is available on the 

initial thicknesses, it may be assumed that 

6 = A =  6" = ~  -~- A* ~ - - - 0 = 0  when x ~  0 = 0 ,  

To obta in  the in i t i a l  condi t ion  with x ~ = 0, l ' H S p i t a l ' s  r u l e  has to be appl ied  to the i n d e t e r m i n a t e  
f o r m s  and the in i t ia l  va lues  of A/~,  0/A and the o ther  r a t io s  d e t e r m i n e d .  
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With x = 0, (20) g ive s  

d (n ~ ~ 1 7 6  2- orr o3 Ts 0 ~liw i 

F r o m  (24), wi th  x = 0, 

�9 [ t ~'iw " i Xew bleteso] Ts 0 rid~ (P'~176176 = 2ps~176176 [ R - ~  - ~ o  blot"*~ + RePe ~,o T - ~ T  " 

Apply ing  l ' H S p i t a l ' s  r u l e ,  

T h i s  equa t ion ,  in con junc t ion  with (25), (19), (15), (17), and (27), p r o v i d e s  the b a s i s  fo r  the n u m e r i c a l  
computa t ion  of the in i t ia l  r a t i o  A/6.  

The f r i c t i o n  and the heat  exchange  a r e  found f r o m  the computa t ion  r e s u l t s  fo r  the  d i s t r i b u t i o n s  ~ = 
6(x) and A = A(x). The  c o e f f i c i e n t  of ion f r i c t i o n  is 

mnsoUso ~ vliso T ~  6 ~ 

Stanton ' s  n u m b e r  f o r  the ions is 

�9 " E{w T s  t i s *  " 1 

S i  - -  qw~ bl~ ~'iso Tw ~ T t t P t  mnso Uso c p tso. - -  tso, �9 

Stan ton ' s  n u m b e r  fo r  the e l e c t r o n s  i s  d e t e r m i n e d  by the t h e r m a l  conduc t iv i ty  and the convec t ion :  

~e = - -  qwe ~ ble ~ T s t es l 
mnso Uso C p tso* :T w tso* A ~ R eP e �9 

Stan ton ' s  n u m b e r  fo r  the t r a n s p o r t  of en tha lpy  by the e l e c t r i c  c u r r e n t  is 

5 / kTew/vw q 5 n - - I  Tew fyq M j 
S j ~ -  2 emnsoUsoCptso* = 2" u tso* " /y  M ' 

i 
As an e x a m p l e ,  the bounda ry  l a y e r  of a t w o - t e m p e r a t u r e  a r g o n  p l a s m a  a t  the pos i t i ve  e l e c t r o d e  of an 

a c c e l e r a t o r  channel  was  c a l c u l a t e d  u n d e r  the cond i t ions :  

c h a r a c t e r i s t i c  d i m e n s i o n  (channel width) L = 0.2 m, e n t r y  v e l o c i t y  Us0 = 5000 m / s e e ,  p r e s s u r e  p = 

10 -2 m m  Hg, ion t e m p e r a t u r e  T i s  0 = 2000 ~ K, e l e c t r o n  t e m p e r a t u r e  T e s  0 =10,000~ Tew = 1500 ~ K, Tiw = 
300 ~ K, and m a g n e t i c  f i e ld  induct ion B = 0.5 T. T h e s e  f i g u r e s  c o r r e s p o n d  to 

n~o ---- 7.794 �9 1018m -3, Teso ---- 4.99 �9 i0 -9 sec, ~iso = 2.2 �9 i 0 - '  sec. 
nw ---- 5.196 �9 i019m -3, ~ ---- 9.34 �9 i 0 - n  sec, ~w = 6.23 �9 i0-~ sec. 

The f i g u r e  

S m = ]vsBL 5 0  
m~so~sO 2 - -  

was given,  c o r r e s p o n d i n g  to a d i s c h a r g e  c u r r e n t  dens i ty  jy  = 6 4 5 9 . 3 A / m  2 and e l e c t r i c  f i e l d - s t r e n g t h  E x = 

Jy/%o = 2590 v / r e .  
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The c o r r e s p o n d i n g  f igu re s  for  the c r i t e r i a  a r e  

Ex~ = 1.036, M j =  /v 2.538 
K =  en o 

eExsL 
q ) = ~ = 5 0 0 ,  He~o=438, Hi~o=0,265 

R~ = i.565 �9 i04, R~ = 3.6 �9 i01~ Pi = 0.6i9, P ,  : i.925 �9 i0 -5 , 

The case  of an e l e m e n t a r y  ex t e rna l  flow was se l ec t ed ,  i .e . ,  an  i s o t h e r m a l  p l a s m a  flow with b r e a k -  
away of the e l e c t r o n  t e m p e r a t u r e  

Ts ~ T,0 ~ const, Ti, ~ T~0 ~ const, Te, ~ Te,0 ~ const 

with cons tan t  p r e s s u r e ,  with u n i f o r m l y  d i s t r i b u t e d  d i s c ha r ge  c u r r e n t ,  and with fo rb idden  axial  c u r r e n t  

Iv, ~ k,0 - -  const, ~'~, --~ 0. 

The e x p r e s s i o n  Us ~ = ~1 + 2Sm x~ was then obta ined  f r o m  the equat ion  of mot ion  (2). 

The d i s t r i b u t i o n s  of the dynamic  t h i c k n e s s e s  5, 5*, and $ over  the length  of the e l ec t rode ,  and the 
d i s t r i b u t i o n s  of A, A*, and 0, a r e  shown in Fig .  1. 

A cu rve  of Cf~R i is g iven in Fig.  2. P r o f i l e s  of the ve loc i ty  u ~ = u / U  s and  the t e m p e r a t u r e  Te  ~ = 
T e / T e s ,  a r e  given in Fig.  3. 

lo 
2. 
3. 
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